Abstract This paper presents a closed-form solution to the four-position synthesis problem by using a spatial slider, which is a spatial dyad of two perpendicularly intersected cylindrical joints. We utilize the dialytic elimination method to simplify the synthesis equations and to obtain a univariate ninth degree polynomial equation. Among the nine sets of solutions, two of them are infinite, and one is the displacement screw from the first position to the second position. Therefore, we have at most six real solutions that can be used to design spatial sliders for the four-position synthesis problem. A numerical example is provided in to demonstrate the validity of the solution procedure.
Introduction
focuses on the spatial generalization of the planar slider, and we investigate the solution to the synthesis equations of the special cylindrical-cylindrical dyad, with the joint axes perpendicularly intersected, for rigid body guidance.
By using screw geometry, the spatial generalization of the synthesis of the planar crank has led to elegant geometric and algebraic results in computational kinematics [3, 5, 6] . Built upon these results, this paper utilizes a special screw triangle [4] to derive synthesis equations of the spatial slider and seeks to find all possible solutions to the design equations. However, due to the complexity of the equations, analytical solutions cannot be obtained. Instead, we utilize the dialytic elimination method [7] to find a closed-form solution, in which a univariate polynomial equation is obtained. The degree of the polynomial equation is the number of all possible solutions; however, we may need to exclude some extraneous roots.
This paper is organized as follows: first, we derive the synthesis equations and show that the maximum number of design positions is four. Second, we divide the equations into two uncoupled groups and use one of them to solve for the direction vectors of the joints. To further simplify the solution procedure, we superimpose two three-position problems instead of solving a four-position problem. Third, based on the obtained solutions of the direction vectors, we utilize the second group of equations to obtain the position vectors of points on the joint axes. Finally, a numerical example is provided to verify the solution procedure. Figure 1 shows a spatial slider guiding a rigid body from one position to another. The spatial slider consists of two perpendicularly intersected cylindrical joints. The ground (fixed) and moving joints are denoted by F and M 1 , respectively. Let the displacement screw for displacing the body from position Σ 1 to position Σ 2 be denoted by $ 12 , and the rotation and translation parameters be θ 12 and d 12 , respectively. The direction vector of $ 12 is denoted byŝ 12 , and the position vector of a point on $ 12 is denoted by A 12 . The geometry of the relation among F, M 1 , and $ 12 is a special screw triangle illustrated in Figure 2 . The following equations can be obtained based on the geometric relation of the screw triangle [4] :
Design Equations for the Synthesis of Spatial Sliders
A u t h o r ' s v e r s i o n
Note that we use the symbolˆto denote unit vectors or unit screws. The unknowns in the above equations are the direction vector of the moving jointM 1 (m 1x , m 1y , m 1z ), the position vector of a point on the moving axis Q 1 (q 1x , q 1y , q 1z ), the direction vector of the fixed jointF( f x , f y , f z ), and the position vector of a point on the fixed axis G(g x , g y , g z ). Eqs. (1) and (3) indicate that the joint axes are intersected perpendicularly. Eqs. (7) and (8) constrain the points on the axes in such a way that the position vectors of the points must be perpendicular to the joint direction vectors. There are 12 unknowns but only eight equations; therefore, we can specify two more positions by displacement screws $ 13 (with rotation θ 13 and translation d 13 ) and $ 14 (with rotation θ 14 and translation d 14 ). As a result, we have four more design equations as follows:
A u t h o r ' s v e r s i o n 3 Solutions of Direction Vectors of the Joint Axes
The 12 design equations are too complicated to be solved simultaneously. However, we can deal with only three positions at a time and superimpose two threeposition problems. For example, we can first design the spatial slider to guide the body through positions 1, 2, and 3 and then design the spatial slider to guide the body through positions 1, 2, and 4. Notice that the 12 equations can be decoupled by first solving Eqs. (1), (2), (5), (6), (9), and (10) for the direction vectors. We can then utilize the remaining equations to solve for the position vectors. For positions 1, 2, and 3, substituting Eq. (1) into Eqs. (2) and (9) and rearranging the equations gives:
We can rearrange Eqs. (1), (13), and (14) in a matrix form as follows:
Note that the unit direction vectors of the specified screwsŝ 12 (s 12x , s 12y , s 12z ) and s 13 (s 13x , s 13y , s 13z ) are known parameters. For the linear system, Eq. (15), to have non-trivial solutions, the determinant of K m must be zero: Next, we employ the dialytic elimination method [7] to seek a closed-form solution ofM 1 (m 1x , m 1y , m 1z ) . For the purpose of employing the dialytic elimination method, we denote Eqs. (17) and (19) with f 1 and f 2 . In addition, to simplify the notations for the dialytic elimination process, let m 1x = x, m 1y = y, m 1z = z. We have
Note that f 1 and f 2 are homogeneous equations. Letting y = px and z = qx and substituting them into f 1 and f 2 gives:
Suppressing the variable p into the coefficients gives:
Manipulating f 1 and f 2 in the following manners yields three equations: (A 2 B 1 − A 1 B 2 + A 3 B 0 − A 0 B 3 ) (A 3 B 1 − A 1 B 3 )
(29) Again, to have non-trivial solutions of q, the determinant of the coefficient matrix must be zero, which gives a ninth degree polynomial equation in p. Upon substituting the solution of p into Eq. (29), we obtain a corresponding q. Substituting the values of p and q into Eq. (5) gives:
which leads to the direction vectorM 1 = (m 1x , m 1y , m 1z ) = (x, y, z) = (x, px, qx). Among the nine sets of solution of p and q, there are two complex-number solutions satisfying the following constraint:
which leads to two infinite solutions ofM 1 (m 1x , m 1y , m 1z ). One of the remaining seven sets of solution isŝ 12 (s 12x , s 12y , s 12z ), which cannot be used for the moving joint. Therefore, we have a total of six finite solutions ofM 1 (m 1x , m 1y , m 1z ). Substituting each solution ofM 1 (m 1x , m 1y , m 1z ) into Eqs. (1), (2), and (6) gives a correspondingF( f x , f y , f z ).
Solutions of Position Vectors and Numerical Example
Once the solutions of direction vectors are obtained, we can substitute them into Eqs. (3), (4), (7), (8), (11), and (12) to solve for the position vectors Q 1 (q 1x , q 1y , q 1z ) and G(g x , g y , g z ). First, we rearrange Eqs. (3), (4), (8) , and (11) in to a matrix form as follows:
where K q is of the following form
In order for Eq. (32) to have non-trivial solutions, the determinant of K q must be zero, which gives the following linear equation in (q 1x , q 1y , q 1z ):
where the coefficients k i , i = 1, 2, 3, 4, contain the specified parameters and the direction vectors previously solved. Similarly, we obtain another linear equation by using Eqs. (3), (4), (8), and (12):
where the coefficients k i , i = 5, 6, 7, 8, contain the specified parameters and the direction vectors previously solved. Now we have three linear equations, Eqs. (7), (34), and (35), allowing us to obtain a unique solution of (q 1x , q 1y , q 1z ). Finally, we can use Eqs. (32) to obtain the corresponding solution of (g x , g y , g z ) .
In what follows, we provide a numerical example to verify the solution procedure discussed above. Table 1 gives three displacement screws denoting four positions of a body. Following the discussed solution procedure, we obtain six real solutions, as listed in Table 2 . Note that in this case, we have six real solutions, while other specifications may yield only four, two, or zero real solutions. 
Conclusion
This paper presents the solution of the spatial slider for guiding a rigid body to pass through four positions. By using screw triangle geometry, we obtained 12 equations to solve for 12 unknowns that determine a perpendicularly intersected cylindricalcylindrical dyad. In order to seek a closed-form solution, we decoupled the equations into two groups and solved the direction vectors using one of the groups. The position vectors of points on the cylindrical joint axes were obtained by solving the second group of design equations. By using the dialytic elimination method, we obtained a ninth degree polynomial equation that led to nine possible solutions. Among the nine sets of solutions, two of them are infinite, and one is the displacement screw from the first position to the second position. Therefore, we have at most six real solutions that can be used to A u t h o r ' s v e r s i o n 
